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THEOREMS ON REDUCIBLE QUANTICS. 
By 0. E. Glenn. 

§1. Introduction. 

The content of § 2 of the following series of theorems comprises a gener- 
alization of the Gauss-Eisenstein* theorem on the arithmetical condition 
for the irreducibHity of a binary form in the absolute field, and some new 
results growing out of the principle of this generaUzation. We can state 
this theorem as follows: 

A necessary condition that the binary form vnth integral coefficients, 

fiXi, Xi) = CoXi"* + CiXi'^^Xi + • • • + CmXi'^, 

all of whose coefficients except Co are divisible by a prime q, should be rediidble 
in the absolute field R(l) is that 

(1) c„ ^0 (mod q'). 

The extension of this theorem to the case of p-ary forms given in § 2 
is more or less direct as to the method, but the results seem of interest in 
themselves aside from later appUcations, for the criteria for reducibihty 
become sharper as p increases. This is simply due to the fact that the 
number of necessary conditions corresponding to (1) is, in the general case, 
an increasing function of p. 

In § 3 we give, with certain amplifications, a new analytical theory of 
the linear factorabihty of a p-ary form. Perhaps the most unique feature 
of this theory is its complete generality with reference to multiple factors, 
and the cases where pairs of factors, though not multiple, are nevertheless 
not term-wise distinct. None of the theories published heretofore are 
general in this regard. This development leads to the important theorem 
that if a Unearly factorable p-ary form has its leading binary form linearly 
reducible in a given field the p-ary form is reducible in the same field 
[Th. 4, 5]. 

In § 4 some of the results of .the previous sections are combined. 

* Gauss, Disquisitiones Aiithmeticae, § 42. Eisenstein: "Ueber die Irreductibilitat u. s. w. 
der Lemniscatengleichung." Journal fur Mathem., Vol. 39, p. 160. 

Konigsberger, "Ueber den Eisenstein'schen Satz von Irreductibilitat algebraischer Gleich- 
ungen." Journal fiir Mathem., Vol. 115, p. 53. See also Netto, Vorlesungen ueber Algebra, 
Vol. 1, p. 51. 

Kronecker, "Gnmdzlige einer arithmetischen Theorie der algebraischen Grossen." Journal 
fiir Mathem., Vol. 92 (1882). 
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28 O. E. GLENN. 

§2. Generalization of Eisenstein's theorem, etc. 

Let us represent the general p-ary form / with integral coefficients, 
of order N = m + n,hy means of the following notation: 

(2) fpj, = S Cj,j,...j^x{'xi'> ••• 0^/ (ji +J2+---+jp = N;m'^ n), 

no niunerical factors being involved with the c's. Assume that fps is 
reducible in the absolute field, so that for some set of values (m, n) we will 
have a relation of the form 

\*,,...,*y=0 ■/ \Jl /,=0 / 

(ki + k2 + • • • + kp = m; h + h + • • • + Ip = n), 
where the a's and b's are all integers.* Then 

fn\ ^iiii - ip ~ 2^ ^«1«2 •■• <e,"AiX2 ... A,, 

\"J ic=0 m 

X=l>, ...,n 

where 

(4) Sk, = m, SX, = n, SjV = Sk, + SX,, > = Kr + Xr (r = 1, 2, • • • , p). 

r r r r r 

It is necessary to call particular attention to certain features of this 
notation, as the proofs of a number of theorems depend upon arithmet- 
ical properties of the bihnear expressions (3). We note first that these 
bihnear expressions can be written down immediately as soon as m and 
n are known. For the subscripts of the c's, i. e., the sets of numbers 
Oi) ji) • • • > jp) are the partitions of N into p parts, repetitions being per- 
mitted, each part having the range 0, 1, • • -, m + n inclusive. Having 
thus written the complete set of c's we obtain the value of any one, as 
C/i j, ...j^ , in terms of the a's and b's in the following maimer: write all the 
partitions of jV (r = 1, 2, ••-,?) into two parts (k,, Xr), Kr having the range 
0, 1, •••, m inclusive, and Xr the range 0, 1, ■ • -, n inclusive. This gives 
all the double sets [(ki, kj, •••, Kp), (Xi, Xa, •••, Xp)] which satisfy (4), 
and hence all of the terms of the summation on the right hand side of (3). 

Secondly, with reference to two sets of p nimabers (ki, kj, •••, Kp), 
(Xi, X2, • • •, Xp), we say that the sets occur in normal order if the set first 
to show, when read from right to left, a number greater than the number 
in the corresponding position in the other set occurs farthest to the right. 

In all that follows we may (and do) assume that the terms of each bilinear 
expression (3) have been arranged so that the subscripts of the fe's are in 

* If a p-arj' form with integral coefficients is reducible in the absolute field into two factors, 
it is reducible into two factors having integral coefficients. Cf. Gauss: Loc cit., and the proof 
of theorem (1) below. The details of the proof of this lemma are omitted for brevity. 
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normal order,* Then, by virtue of (4), the subscripts of the a's occur in 
the exact reverse of the normal order. For convenience we also assume 
that the c's are arranged in a vertical column with subscripts arranged in 
normal order, the upper end of the column corresponding to the left hand 
end of a normal arrangement. There are p bilinear expressions which consist 
of a single term. These are 

pjj J-i p^ J^ p^ J^ . 

In the above normal arrangement of the c's the first of the c's (5) = p) 
is the first in the column and the last (j = 1) is the last in the column. 

Consider now a prime number q which divides Coo—om+n- It will divide 
a group of the c's (5) and fail to divide the rest. By a suitable re-adjust- 
ment of the notation of Xu • • • , Xp, we can bring those not divisible by q 
to the top of the column, that is, secure a normal arrangement of the c's 
such that 

p—j j—i 
/gx CoTom+noTo = (mod q) (j = 1, 2, • • •, M, • • •, M + ") 

p-j j-\ 
CoTo^+noCo + (mod q) {j = n-\- v + 1, n + v -\-2, ■ - ■,'p), 



namely 

^m+n— UO-O ~ ^m— 110—o''nOO...O "T ^mOO— O^n-llO- ) 



^m+nOO— — ^mOO — 0"nOO"-0> 



p— H— V— 1 (1+1> p—UL—v—l iL+v i>— (4— f— 1 IL+V 

C i»+nO...O ^ O mC.oO nO...O> 



^hh-]. 



(7) 



p—i—l i—\ p—i *— 1 p—i—l i—1 p—t—1 i-1 p—i t—l 
C oTiTo ll»+»— 1 oHTo — Oo...O)lt0...oOo OI«-10...0T flo...O Im— 10...o('o...Ono 0> 



j,_i i-l p-< i_l p—i i_l 

Co... 0)m-»o...o '^ <^...0)ito... oOo... o«o... o> 



P—Ii. (1—1 P— c <•— 1 P— n (»— 1 

Co... 0l»+7»0...O ^^ Clo...omo...oOo...ono...o> 



— '^00 — Oot"00"-Oii' 



* The b'a would then be precisely in the order in which they would occur as the coefficients 
of a p-ary n-ic arranged according to xi as leading letter, xi as the letter next in order, etc. 
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Theorem i : A set of necessary conditions that a form f, all of whose co- 
efficients within the interval 

P—Il H—l p—IL—V—l It+V 

T — ir'-^ — ■ ...*/. ' — ' — ' <— > I * 

■'■ — (L-O...OllH-'> 0...0 > > ^ »»+nO...O) 

are divisible hy a prime q should be reducible in the absolute field is given by 

p-i i-i 
CoCom+«oTo = (mod q^) (i = m, M + 1, •■•, ti+v). 

In proof assume [1] that, for a particular i of the set /tt> • • •, m + '' 

p-i i—\ 

CoTom+»(Co+ (modg*). 
Then one of the numbers 

p—i i-l p-i i— 1 

say [2] the latter, is incongruent to zero modulo q. There is one and only 
one bilinear expression (c;,^...^,) which contains the term 

p—tL — V—\ IL + V P — i i — 1 

a «o'!roOo...o»o...o(= ly- 

Since the c's and 6's are arranged in normal order t is the last term in c^,...^,. 
By assumption [2] the 

p—i-i i—\ 

C ... iM+n— 1 «... 

in (7) gives at once from the hypothesis of he theorem 

p-i-l i-l 

a(Coi«.-io'ro= (modg). 
By examining in turn the consecutive c's from 

p — i ♦— 1 

Co... Om+nO... 

upward to c,,^,...^, we prove in the same manner that all the a's occurring in 
t, except 

p—IJi—y—l n.-i-v 
O inO...O, 

are divisible by q. Hence, since the c^,^,...^, is in J, we have 

P —IL— V—I IL + V 

a 7!^ meTo = (mod q)., 

* By this notation we indicate that the starred number is not included in the interval. It 
only shows the upper limit of the interval. 



THEOREMS OK KEDUCIBLE QUANTICS, 31 

contrary to the hypothesis of the theorem. Hence 

p—i t—i 
CoTo»+»oTo = (mod q^) 

or else the form / is irreducible. 

Corollary i : If p = 2 all of the coefl&cients of the form after the first 
are included in I, and we have Eisenstein's theorem (§1). 

Corollary 2 : If 

p—i i-l 

CoTo«+»oTo + (mod ^), 
then 

p—i <-l p—t i—l p-i i-l p—i i—l 

Qo'!rb»»o...o— QpL o...oi»oTro> Wo'irbno'iiro — ffp o...o»o...o• 
Theorem 3 : If the T t consecutive coefficients forming the sub-interval of I 

P—IL (1—1 P—IL M— 1 p — IL — l IL—l 

ll = lCo...Oin+nO...O = Qy 0...0 m-|-»0...0> C 0...0 Im+n— 10...0> ' ''J 

are divisible by <f and the remaining coefficients within the interval I are divisible 
by q to the first power; and if the order N = m + n of f satisfies the condition 

then the order n of a possible factor of f rrnist satisfy the condition 

(9) (^+P-M-l\ + (n+p-M-2\ /n+p-M-.-l\>^ 

V p-fi ) \ p-n-1 J ' ' \ p-n-v J - 

Since 

P—It. IL — l p—ll. v.— I 

Oo...oi»o...o and Oo...ono...o 

are, by Corollary 2, both divisible by q we can assume (that which will 
always be true f or <r = 1 at least) that the Uke is true for all of the a con- 
secutive a numbers forming the interval 

P—H II.— I P—IL (1—1 P— (1- 1 (1—1 

J = {OoT..o»r»o...o = qo^ O...OmO...O> O 0...0 Dn-loTTb} * * ' J (<'' '^ r) , 

and of all of the <r consecutive b numbers forming the interval 
p — (1 (1—1 p— II (1-1 p — (1-1 (1—1 

K- = {Oo...0»0.„0 = qP 0...0»0...0> 0...0 1»-10...0) ■ ■ ■ }• 



* By a zero superscript we indicate that a number is prime to q. 

t We shall refer to an interval containing r elements as being of extent r. 
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Then the u consecutive c numbers forming the sub-interval of / 

p—li. 11— \ p—ij.—i. IX— I 

^J ^^ (Co,..Om+»0 ..0) ^ 0...0 lm+»— 10...0) ■ ■ ■ 1 

Tiave all their terms individually divisible by q^, while the <r + 1th c, say 
for brevity C(,+i), has the <r + 1th a, say a(,+i), for a factor of its last term 
And the o- + 1th h, say 6(„.+i), as a factor of its first term. Moreover since 
the 6's are in normal order and the a's in the reverse order, these end terms 
are divisible each by q only, whereas the intermediate terms are all divisible 
"by q^. Thus we have after depressing the modulus by the factor q 

a(,+j)/3° + a°6(,+i) = (mod q). 

Now there is a number c within the interval / which contains the term 
•a(,+i)6(,+i). Obviously also every other term of this c is divisible by q, 
■so that we have 

0(<r+i)?>(<r+i) = (mod q). 
Hence 

0(,+i) = 6(,+i) s (mod q). 

By repeating this argument we can increase the extent of the intervals /, 
K, ii until the extent of each is r, provided b^ falls within the interval formed 
by consecutive 6's 

p—ll. (1—1 J>— M— >■— 1 U + v 
i^ = { oTTon (TrTo > ■■■) O nC.o!' 

If 6(t) does not we will, on the other hand, be led to the contradiction of 
hypothesis (6) 

p —li—v— l u+v 

b oT^To noTb = (mod q). 

Hence it is necessary that b^ be contained in L. But the extent of L 
equals the left hand member of (9), and therefore the order n of a possible 
factor of/ must satisfy (9). 

The maximum value of n is §iV. Hence if (8) is assiuned, factors of / 
are possible having orders ranging from the minimum n satisfying (9) 
up to ^N. This completes the proof. 

Corollary 3. If N is odd and 

then the form f is irreducible. If N is even and 

' = V P-M J+"'+l P-M-. )' 
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then f is irreducible unless it presents the one possible exceptional case of a form 
of even order N equal to the product of two forms of the same order iN. 

In a paxticular case, say iV = 4, p = 4, this corollary specifies an 
extensive class of irreducible forms, as in the following table: 

Vain* T;/imducible unless « jiroduct 
li r of two quaternary quadratics 

3 tS2 

2 tS3 

1 rS4 

2 1 tS5 
1 1 tS7 
1 2 T^9 

§ 3, On the resolution of p-ary forms. Field of reducibility. 

If we take the product of r binary forms in as many non-homogeneous 
variables, viz. 

x/' + ai^'W-' + a2<''x.''«-2 + • • • + o,/'' (i = 1, 2, - . • , r), 

and express the result in the form 2 <P}, where tpj embraces all of the 
terms of the product of order 

= l'l + f2+ ■• • + "t — j, 

we get 

n Xk" + ( Oi^^^ n Xkxr^ + terms inxAfl Xk""^^ 

*=1 \ 4=1 / 4=1 

(10) + { ajW n Xfc^xr^ + terms in xA H Xk""^^ H 

\ ifc=i //fc=i 

+ ( a-/'' tlxk'"xr"+ terms inXi)tlxk'''-~"+(Py,+i+ ■ • • +<P„^+y,+ ..,+vr 
\ *=i / *=i 

In case Vi is not one of the least of the orders v, negative exponents will 
occur on the outside of some of the latter parentheses in this formula. 
When they do occur the corresponding x's with their negative exponents 
are to be multiphed into the terms in the parenthesis. If negative ex- 
ponents stiU remain within the parenthesis when a general fr+im is arranged 
according to this formula the terms containing them are to be deleted. The 
leading terms will never be deleted by this process, however. 
From 

<Pj = ( ayW ]T Xk'xr' -{■ terms in x,- 1 Wxk*'^ 
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we get at once by differentiation 

(11) |d::i^-/a>oi ^ (n-j)i (3 = 0,1, ..;vA 

^^^^ \ dXi"'-' I dxr L=. "i ! ''^ ' \i = l,2, ■•■,r) 

Accordingly we have 

Theorem 3: Being given an r + 1-ary form f knovm to be the product of r 
polynomials, the single variable in each one of which is one of the r distinct 
nonhomogeneous variables of the form, we can obtain the coefficients of these 
polynomials and therefore the polynomial factors of the form f themselves by 
differentiation according to formula (11). The linear factors of f are then ob- 
tained by factmization of the constituent polynomials. 

Let us now write the general ternary form fim under the notation 

where 

Xi^-'^Pr x,lx, = C^r, 0. rXr-' + C«_,_l, 1. r X^-^^Xi + Cm-r-i, 2, r Xi"-*- W 

H + Com-rrXz''-'. 

Assume that it is linearly factorable. Then the (xi, x^) terms of its factors 
will be furnished by the Hnear factors of the binary form Xj^^o «,/»,. Let 
the factors of the latter be assimied to be known and let them be 

Xi + r,X2 (i = 1, 2, ••■,t) (c„oo = 1)* 

where Xi + riXi is of multipUcity a,-, and ai + a2 + • • • -]- at = m. 

Corollary 4 : The ternary form /a™ can be factored into factors of the re- 
spective orders ai, a<i, • • • , at, which are rational and integral in the coefficients 
of the form fsm itself on the one hand, and in the quantities ri on the other, 
linear in the coefficients; according to the formula,^ 



(13) 



/3. = ri[^'a.-a..^-^<x-y. + a.(a.- l)^^'x«<-V- • • • 



+ (- l)''ai\<p^rS/i'^j, Xi-triXi/x3 = 1 (t = 1, 2, 



■,t). 



To prove this we observe that if we multiply together the members of 
the group of a,- assimied factors offtm 

Xi + riX2 + SijXs (j = 1, 2, •■•, ai), 

* This implies that the term xi" c«tMnly occurs. It may be necessary to transform /»« 
linearly to secure this. 

t A. constant factor has been n^lected on the left to secure symmetry. See proof of corollary 
below. 
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and in the resxilt set 

Xi + riXil Xs = x/yi (i = 1,2, ■• ■, t), 

we get t binary forms 

x^ + a/'V'-ij/i + • • • + aj-'hjr {i = 1, 2, ■■-, t). 

Hence /3m is the product of t binary forms and is a case of / in theorem (3). 
Hence corollary 4 follows directly from (11) when we put vt = a,, Xi = x/ yi, 
<pj = (Pjx^ixt, r = t, and notice that when xt = x/ y, = 0, then Xi / X2 = — r.-. 

Theorem 4: If the leading binary form tpoxiiz, of a completely reducible 
ternary form is completely* reducible in a given field the corresponding ternary 
form fzm is reducible in the sam^ field. It is necessarily completely reducible 
if the factors of ipo ,j,j^ are all distinct. It may or may not be completely reducible 
in this field if some factors of ^o»,/*, are multiple. 

The terms of the general p-ary form fpm [see (2)] can be arranged into 
the following scheme: 

Jpm = X2'"<P0xilx, 

+ Xi^-^Xicpix^ix,^^" + X2'"-W<Pix,i.,^^^ + • • • + a;4'"(pm «,/«,"' 



where the typical ternary form 

(14) 

+ X2'^-%+2-(P2r,lx,''^ + • • • + Xj+2'"ip,nx,lx,'-'^ 

is given by a notation analogous to (12), viz., 

Xj^-VtW' = Cm-fcooCofcoToXi'"-* + C„_t_iior*oToa;r-*-ix2 + • • • 

J-l p-J-i J-l p-j-Z _ 

-\-Cm—k—hhO^OlciT^oXi^~ X-i + ••• -\- Com-kO.„Ok9...oXi'" • 

Of comxe ^p„ is simply the aggregate of all terms of fpm which are not in- 
cluded in the ternary summands X'-^K 

Assume that the factors of Xz^-po*,/*, are Xi + rtXi, as above, where 
i = 1, 2, •'•, t. Then the typical form X'-'"> can be resolved by formula 
(13), and becomes after an unimportant numerical factor is neglected on 

• We shall call a form compfeteiy reducible in a field when it is resolvable into linear factors in 
that field. 
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the left 

(15) ^"■'-n[^>=«-«'-^^^«-!/<+--+(-i)-<..!^.^.»!/,-] 

(xi + r,Xil Xj+1 = x/y^). 

By resolving into linear factors the binary forms which constitute the 
rational factors of this form X'-''' we get the coefficients rij+^k of the Unear 
factors 

X, + r.<C2 + r«+.^,+2 Vfc = 1, 2, - • •, aj 

of X^^'^ and therefore the linear factors 

/i = l, 2, •••,t \ 

of the form fpm itself. Thus 

Theorem 5: The complete resolution of a p-ary form fpm which is linearly 
factorable is accomplished by factoring the binary forms which constitute the 
rational factxyrs of X'-^"> in (15) (j = 1, 2, ■••, p — 2), viz., 

(16) ^^x- - a, ^'7r!'^i'''' ^'"'^'- + • • • + (-l)*^".'^--^/^^"* 

(i = 1,2, ■■-,(). 

One obtains the field of complete redudUlity of fpm by adjoining the {p-2)t+l 
respective fields of <poi^ix, and the forms (16). 

§ 4. Further necessary conditions for reducibility in the field iJ(i). 

Theorem 6: Letfzm be a completely reducible ternary form having integral 
coefficients, and let the factors of tpo^,^ be Xi + r^Xj (i = 1, 2, •••, t), where 
Xi+riXi is of multiplicity a,-, and ri belongs to the field R{1). Then if for some 
prime q and some value of i 

(18) W^\ ^-^^' - " <"°^ «' (* = 1. 2, ■ • ■, «.), 

a necessary condition that fzm be reducible in the absolute field further than is 
indicated by formula (13) and theorem 4 is that 

(19) <P^r, = (mod q'). 

A set of t necessary conditions that fsm. be completely reducible in the absolute 
field is given by (19) when i = 1, 2, • • -, t. 
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Referring to the typical factor in (13), 



5rr ' ar,"*-! 

+ (- l)*a,(ai - 1) • • • (a,- - A; + 1) ^.^^ 



we see that every term of this binary form will always be divisible by a,- !. 
For, the coeflBcients in 5"<~*^4_r,/dn°^* that result from differentiation are, 
when detached, 

[(m - jfc)(m - A; - 1) • • • (m - ai + 1), • • •, (a.- - A; + 2) • • • 4.3, 

(21) 

(ai - A; + 1) - - ■ 3.2, (a.- - A;) • - • 2.1] . 

All of these numbers are divisible by (a,- — h) !, each being the product of 
Oi — k consecutive integers. Hence the general term in (20) is divisible 
by oLi !; and this is true for A; = 0, 1, • • •, a,-, which proves the statement. 
Thus the left hand members of (17), (18) are integers. Removing the factor 
ttf ! from the binary form (20), theorem (6) follows directly from Eisenstein's 
theorem (§1). 

We now consider two special cases of theorem (6) : 

x^ + ^x^xi + SaJiZa^ + 42:2' + Sxi^xj + XhxxXiXz + 10x2^0:3 
(22) 

+ (5^ - ?!')xrXi'- + (5^ - &')x^x^\ 

Xi* + Gxi'xa + ISxi^Xa^ + 12xia;2» + 4x2* 

+ Xi'Xs — Xi2X2X3 — 10X1X2^X3 — 8X2^X3 

(23) - 15xi2x32 - 48x1X2X3^ - 27X2''X32 
- 9x1X3' + 27x2X3^ 

+ 54x3*. 

In (22) (p^x^xi has a double root r but no triple root; in (23) ^o:c/a^ has two 
pairs of double roots r,- (t = 1, 2), The forms corresponding to (20) 
are, after the adventitious factor 2 ! is removed, 

(24) (- 3r + 5)x2 - (lOr - 15)xy - [(5^ - ^'Y - (5,8 - p')]y^ 

(6r.2 - 18r. + 13)x2 + (Bri" + 2ri - 10)xyi 

(25) 

- (15r-,2 - 48r,- + 27)yi' (i = 1, 2). 
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In (24) r = 2, and if we take q = 5 the conditions of theorem (6) will 
be satisfied provided j8^ — 5|8 s (mod 5). This makes /3 a multiple of 
5 and ^ — 5^ = (mod 5^), so that the necessary condition expressed by 
the theorem is satisfied by both terms of (5(8 — ^^)r — (50 — ^) becoming 
divisible by q^. We note in passing that the roots of (24) are — /3, — 5 + j3, 
the factored form of (22) being 

(a-i + 2x2 + ;8x3)[xi + 2x2 + (5 - 0)xz]{xi + Xz). 

In (25), taking q = Z, each term of 

<P2.r, = - Ibr? + 48r.- - 27 

is divisible by q but all are not divisible by q^. Hence, if the necessary 
condition g~V2-ri = (mod q) is satisfied, it must be satisfied, not termwise 
as in (24), but as a congruence in r,-. When it is solved as a congruence it 
determines the multiple root n of ^o-r< = 0. Solving the quadratic con- 
gruence 
(26) 5ri2 - 16r.- + 9^0 (mod 3) 

we get in reality the two roots 2, 0; but only ri = 2 can be considered, for 
this is the only one of the two which is a double root of <pa-,^ = 0. With 
ri = 2, all of the conditions of the theorem are satisfied. The other double 
root of (pa-n = is r2 = 1. The reason it does not appear as a root of (26) 
is that with ra = 1 

Srz^ + 2r2 - 10 + (mod 3), 

and then the hypotheses of the theorem (6) are not all satisfied. We note 
that (23) is really completely reducible in the absolute field. The roots of 
(25) are —3, —3 when r.- = 2; and 2, 3, when r^ = 1. The factored form 
is thus, by corollary (4), 

{xi + 2x2 + Zxz){xi + 2x2 + 3x8) (xi + Xz — 2xj)(xi + iCa — 8x3) . 

In the case of an fzm completely reducible in field 12(1) and belonging to 
the case of theorem (6), we now see that when ^o»,/«, has multiple roots r,- 
the necessary condition 

may be satisfied by every coeflficient of tpa^n being divisible by <f, or it may 
be satisfied as a congruence of order m — a,- in r,-. We refer to the former 
case as being satisfied singularly, and in the latter case say the congruence 
is satisfied non-singularly. We have 
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Theorem 7: If the necessary condition tpof-n = {rnod q^) is satisfied 
non-singularly the solution of this congruence determines some, and it may be 
all, of the multiple roots of the equation <po-u = 0. 

Theorem 8 : // in a completely reducible ternary form fzm of even order 
m = 2n, (poxiix, has exactly n double roots ri belonging to the absolute field, and 
if conditions (28) 

(27) 2I ^ "r"^' + (mod q) (q any odd prime), 

^^^^ (2 - k) ! ^5r^ " ^ ("^°^ 3^ (" = ^' 2)- 

are both satisfied singularly, then a necessary condition that fz„ be completely 
reducible in the absolute field is that the congruence condition 

<P2-rt = (mod g2) 
be satisfied singularly. 
In the product 

m 
fsm = Tl1(Xi + riX2 + SfXs) 

= Xi" + ^riXi'^~^X2 + 2rir2a;i'»~W + • • • 

+ l^SiXi'^^Xz + ZsiTiXi'^'^XiXi + ^SiririXi^'-^Xi^Xz + • • • 

+ 2siS2Xi"'~^X3'^ + 2siS2r^i'^^X2X3^ + 'Zsi82r3rai'*~*X2^X3^+ • • • 

+ 

= X2'^<P0x^x, + X2'^^X3<()i^^ + X2'^'^X^<P2x^ix^ + • ' ' 

we have 

r2^-\ = r2« = 1^ (ju = 1, 2, . . •, ra). 

Hence condition (27) may be written 

(29) {%i-%xn%i-hr- ■ ■ iXi-%i-^Kh-%i^xY- ' ■ (^-knY + (mod q) 

where r, = |,-. 

Now we can write* 

X2'^-^X3<PL:^iT, = mi {s2^-i [r2M2rir2 • • • r2^_2r2^+i • • • r^+i 

+ Srirj ' • • r2»_2r2^+i • • • rk+2] + S2b [»*2M-i2rir2 • • • r2^_2r2^+i • • • rt+i 
+ 2rir2 • • • r2^_2r2^+i • • • rk+2] }a;i"^*-ix2*X3. 



• This summation must be defined for fc — 0, and 1. We of course let it stand for the first 
and second terms of xi^'^xsipiXi/Xi respectively when ft = 0, 1, i. e., t^o = 1, etc. 
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Evidently, since r2^-i = r2^ the coefficients of Sz^-i, 82^ are equal in each 
term of (28), k=l. Let these be t^* (A; = 0, 1, 2, • • •, m — 2), and we have 



(30) 



Tu-(Si + Si) + T2k(Ss + S4) + Tsk{Si + Se) + • • • + T^k(S2^-l + Su) 



+ '" -\- Tnk{Sm-l + Sm) = VkQ. 

Solving a properly selected * set of n of these linear equations we get 

82^-1 + S2|» = \q (ju = 1, 2, • • •, n), 

where X^ is an integer if fz^ is completely reducible in the field R (1). Hence 

we have 

(31) S2„-i = — (Tf,, 52^ = cr^ (mod q). 

Using (31) in connection with the coefficients of X2*^^X3^<P2xiixt succes- 
sively we obtain 

ffi" + (72^ + (Ts^ + . . . + <r„2 = (mod q) 

^iffi^ + $2<^2' + ?8<^8' + h $„<r„2 = (mod q) 



and by induction 

(32) ^^W + ^2W + izW + 



+ ^„V„2 =0(modg) 
ik = 0, 1, 2, ..., n-1, 



•). 



By (29) none of the ^j are congruent to each other. Hence the determinant 
of the congruences 



<Ti' + (^2^ + (732 + • • • + a J = 
(33) $iVi2 + I2V22 + izW + '■■ + $nV„2 = 



(mod q) 



* If 5 happens to be a prime which divides some of the numerical factors of the coefficients 
in (28), k " 1, obtained by differentiation, the r^ (i = 1, 2, • • •, n) in such a coefficient are all 
divisible by g and the corresponding equation (30) must be avoided in selecting n linear equa- 
tions. Evidently the number of numbers 

1, 2, 3, ■■•, m — 2, m-1 

divisible by q will be a maximum, when g = 3 and to — 1 ss (mod 3) . This maximum is 
J(to — 1). The least number of admissible equations (30), from which the n = im must be 
selected is thus i(m — 1), -and ^(m — 1) S i»i when to S 4. Thus we always have n equations to 
solve for the (s2m-i + S2m)- It is interesting to note that the case to = 2, to which the analysis 
above does not apply is not an exception to the theorem; which then reduces to Eisenstein's 
theorem for a quadratic equation. 
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is incongruent to zero, so that we have at once 

ffi = 0-2 s (Ts s . . . = (T„ = (mod q). 

Thus every Si is divisible by q, and every coefficient of (p2-ri by q^, which was 
to be proved. 

Corollary s : Further necessary conditions are that the congruences 

<Py-ri = {mod q") (v = 3, 4, ■••, m) 

be all satisfied singularly. 

A theorem analogous to theorem 8 holds when fzm is of odd order 
m = 2n + 1 and <po-r has one simple root and n double roots. 

Philadelphia, Pa. 



